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ABSTRACT. We determine a sufficient condition on a positive divisor
in certain strictly pseudoconvex domains in C" such that there exists a func-
tion in the Nevanlinna class which determines the divisor.

For D the unit disc in C, the relationship between the zeros of holomorphic
functions (resp. the zeros and poles of meromorphic functions) and the growth of
holomorphic (resp. meromorphic) functions with the same zeros (resp. zeros and
poles) has been extensively studied. A holomorphic function f is in the Nevan-
linna class V(D) if and only if

lim g" log* 1f(re®®)|do < oo.

A meromorphic function g is said to be of bounded characteristic if

@ :) &tt) dt < = where n(f) counts the poles of g;
(i) lim f” log* |g(re'®)|do < oo.
r—->1 V]

If f € N(D), it is well known that f has nontangential limit values almost every-
where on D and that its zeros a,, satisfy the Blaschke condition Z,_,(1—la, )
< oo, This implies that there exists a bounded holomorphic function f_ with the
same zeros as f. If g is a meromorphic function of bounded characteristic, then
g = f/h, where f, h € N(D) and hence g has nontangential limit values almost
everywhere on the unit circle. Very little is known about related results in do-
mains in C". We propose to study this question.

Let & be a positive divisor in a domain of holomorphy D C C*; & = (X}, d;)
where X =U ;X is an analytic subvariety of codimension 1 with irreducible
branches X; and the d,’s are positive integers (cf. Stoll [17]). If the second Cech
cohomology group with integer coefficients is trivial (H2(D, Z) = 0), then there
exists a holomorphic function f in D such that f determines the divisor §—that is,
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f vanishes on X; to order d; and f(z) # O for z ¢ X (cf. Hormander [S, p. 181]).
If we set 4 = A log |f|/2n taken in the sense of a distribution, then u is a positive
measure in D which measures the “area” of the divisor § (cf. Lelong [9], [10],
[11]). We say that the divisor § has finite area in D if [, du <eo. If 8 is a mero-
morphic divisor in D, then § = 8% — §~, where 8+ and 8~ are two positive div-
isors. We say that 8 is of finite area in D if both 8+ and &~ are of finite area
in D,

A bounded domain D C C" is strictly pseudoconvex if there exists a twice
continuously differentiable plurisubharmonic function p(z) defined in a neighbor-
hood N of 0D such that

NND={z:p(z) <0}, aD= {z: p(z) = 0},

and the complex Hessian of p, Z; k(azp/az,.az- %) is positive definite in N. We
also assume that Vp # 0 in a neighborhood of aD (cf. Henkin [4]).

The Nevanlinna class of D, N(D), is defined to be the set of holomorphic
functions f defined in D such that

B [, Jo8" 1F@1 5.6 <=

where D, is the strictly pseudoconvex domain determined by p(z) + € (for el
small) and dS, is the Lebesgue measure of dD,. Such functions possess nontan-
gential limit values (different from zero) almost everywhere on aD ([2], [16, p.
48]). We show

THEOREM. If 8 is a positive divisor of finite area in a strictly pseudocon-
vex domain D with C* boundary and H*(D, Z) = 0 then there exists a function
f € N(D) such that f determines the divisor 8.

If D is starlike, then we need only assume c? boundary, and it is likely
that the theorem is true for all strictly pseudoconvex domains with C? boundary
(such that H2(D, Z) = 0). In [7], Laville showed that under the above hypoth-
eses, if D is starlike, then there exists an f which determines § such that log|f| €
L(d)\), where dX is the Lebesgue measure in D.

A meromorphic function g is of bounded characteristic in D if

® e§3+ f 3D, log* 1g(2)| dS,(z) < e

(i) g = f/h for two holomorphic functions and j;) (Aloglh)pd\ < oo,

We show

COROLLARY. Let D be as in the Theorem and let g be a meromorphic func-
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tion of bounded characteristic in D such that the divisor § determined by g is of
finite area in D. Then g can be written as the quotient of two functions in N(D)
and hence g has nontangential limit values almost everywhere on oD.

This corrects the statement of the Theorem as incorrectly announced in [1].
For related results on the Nevanlinna characteristic using different scales of growth,
the reader is referred to [2] by the author and to Mueller [12].

If & is of finite area, there may well not exist a bounded function which vani-
shes on 8 as the following simple argument shows. Let B ={z: 27 _, |z, |> <1} be the
unit ball in C* and for some sequence {a}, let X;={z€B:z, =a;}. Let 6 = X, 1). The
“area” of X; is just C, [(1~ la;2)!/2]3"=2), Thus, if we choose {a; }such that
Z(- Ia,-l)""l converges, but Z,(1 — |a;|) diverges, then § is of finite area in B,
but there exists no bounded function which determines & since for z, = *++ =
z, = 0, the sequence {aj} does not satisfy the Blaschke condition.

The ideas we use here were first employed by Skoda [15] to resolve the
second Cousin problem in C* with growth conditions. He used the H5rmander
L? resolution of the 3-Neumann operator with weight functions [5]. We use the
resolution in strictly pseudoconvex domains by use of a kernel function as devel-
oped by Ramirez de Arellano [14], Henkin [3], Kerzman [6], and Ovrelid [13],
which allows for finer results.

1. Resolution of the 32 problem. We denote the differential operators 9,0
and d by

5 n o3 _  n
—iz_:l-a-gdz}, a—z

If a is a differential form with functions for coefficients, we define |a] =
Zp,ql%, ol Where &, o are the coefficients.

We begin by assuming that D is a bounded starlike domain with the origin
as starcenter and that & is defined in a neighborhood of D. We follow closely
the development of Skoda [15].

We choose a function 8 € Cy (B(0, 1)) such that § depends only on [|z[l,
0<B<1,and [Bd\ = 1. We set f,(z) = € 2"B(z/e). Let f be any holomorphic
function which determines § in a neighborhood of D. We define V¢(z) =
log |f| * B, which is C* and plurisubharmonic in D for e sufficiently small. Let
€ mme _ N pe e _ 0%V°
wg =i0oVe =i ,Z’:c 0/ dz; Adzy, where 0y = m
This defines a positive closed current in D (cf. Lelong [11]) which depends on &
and € but not on f. We will in general drop the subscript § when there is no
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chance of confusion. We have the relations:

@ 65>0,

() 05 = 0
(ii) 1051 <05 + 05, <y where u¢ = =L 6%,
(iv) 65 =0/, * B, where 0, is the measure 3*V/dz;3Z, and supp 6, C X.
If we write

v = }'f; ﬁ‘ %, f o 165, e2) dt | dz;,
=1 k=1

) n [
v =i}—:1 [kz_;lzk IRZG) dt]df,,

then 7§ = 1§, 3§ = S = 0 and w® = (3§ — ).
We shall find a function u§ such that du§ = v§ in D. Then setting 4® =

u§ + it5, we have i00u® = w* so u€ is plurisubharmonic and defines the current

wE.

Let D, = {rz: z €D} and let S, = aD,. If we set 0°() = [ Dr,f @)d\(2),
then it follows from (iii) and (1) that

) Lr 1S < Cot(), i=1,2.

2. The kernel for 3f = v,. Letg{z, w), j=1,...,n,be C! functions
defined on a neighborhood of D x D such that gi(z, w) = @¢; — W) for [z — wl|
small and such that G(z, w) = 27 (z; — w))g; satisfies

(i) ReG(z, w)>0forz€dD, weED,

(i) |Gz, w)| #0forz#w, weD, zED,

(iii)) for w € D fixed, G(z, w) is holomorphic in w for z near aD.

If we set

n j+1 n
€) K@ w)=C, -1 & A\ % A dz
" igl [G@ W™~ kzj F k=1 k

with C, = (= 1)"*~D/2(n - 1)!/(2mi)" and if 7 is a (0, 1) form such that 37 =0,
then

@ u, ) = [ K@ w) A7)

defines a function in D such that du,(w) = 7(w) (cf. Kerzman [6] and Ovrelid
[13]).

At this point, as in [7], we could use the estimates of Kerzman and Ovrelid
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to find a holomorphic function f such that log|f] € L!(@)), but these estimates

are too crude since the main contribution comes from the zeros of f, where

log |1 is near — 0. Thus, we want to separate out that part of the integral which

gives a negative value. To do this, we introduce the form M(z, w) below. The

constant C,, is so chosen as to eliminate integration on the divisor near the point w.
Let 8 = 3dllzI? = 2., dz; A dZ; and let §,, = p™/m!. We define

’

MG, N . S
@™ = (6@ w1

with C, = (—=1)"(n — 2)!/(2mi)". Then by Stoke’s Theorem, it follows that

ﬁn—l

c, [ o.Mz w) A1) + C, I = By A O1(2)

[G( )] ol

)
=, [, MGz, w) A1() = £,(w)

and since G(z, w) is holomorphic forw €D, z €D, f, + f, is pluriharmonic
in D.
3. Functions of Nevanlinna class in D. We begin by proving the following

specific case of the theorem, and we then reduce the general case to the specific
case by a patching argument.

LEMMA. Let D be a strictly convex domain given by a C* norm p(z) (i.e.
D = {z: p(z) < 1}). If & is a divisor of finite area in D, then there exists a func-
tion f € N(D) which defines §.

PROOF. Let ¥,(7), r €R, be defined by

1 forr<%Yn,
V() = {0 forr=Yn,
- &%)
Yan
We set ¢, (z, w) = ¥,(0(2)/p(w)) where p(z) = p(z) — 1, and we let o"(z, w) =
Ya@)pw)); we set g7 = (Z; = W)(1 = ") + §¢" in (3), where £; = dp/dz;.
Since the solution u,(w) given by (4) is independent of the patching func-
tion ¢ [6, p. 341], if 7 has C! coefficients, we need only that ¢ be piecewise
differentiable as above, and furthermore, 7 is independent of 7.
We begin by assuming that & is a divisor in a neighborhood of D and we

define v5 as in §1, where € is small enough so that ¥, is plurisubharmonic in
D. Let

for %n <r < ¥%n.
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u,(w) = f b [K(z, w) + 0,M(z, w)] A v§

Tod _L €
o 6, wy 1 Pt M 2

=1, +1,.

Then iddu (W) = w®. If we set u} = sup(0, Re u,) then we shall show that
Sapud <M independent of e for e sufficiently small.
First we note that for ¢,(z, w) = 0, —1/[G(z, w)]""! <0 and

Re {(- i)'8,_y A 95} = Re (i)', _; A %ot} = pud\2"

(cf. Lelong [9], [10]). Thus, since 1/IG(z, w)l < C/llz — wi>"~2 [6, §3], if we
choose 7 sufficiently small (depending on €), Re I, < 1.
Now
(- 1)C,

oM(z, w) = m [Z g'dz; A B,y +(z; w,)ag, A B,,_:,

and

K@z, w) =W 22 - l)’“g," /\ (47,1 - $n) + 050

+E -G - Wk))5¢n] kZ\l dei

=% Iy o
(6@ wi” 1:2 Core k{é\i e k/=\1 dzy + R

where R is an (n, n — 1) form for which each coefficient has a factor of the form
(Z — W), (M2, or (2, — W, )¢". No term involves more than one factor of the
form ' since 39" A 3¢" = 0 (cf. [6, p. 350]).

For fixed w, we let D, = {z: p(z)/p(W) < ¥%n} and S,, = {w': p(W") = p(w)}.
We set N, (w) = fin (tw) dt for w € 3D. Then if § has finite area in D,
JapNe(w) dS < C independent of e for € small, and by (1) and (iii) of §1,

3@ <N (z/p(2), z+#0.
We have shown that
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ul(w) <Re g f o K@ w) + .M, w)] A v5()

+ Cn(_i)n f , -1
2" Pw [G, w]"!

lz = wi(1 + 187])+ (s7)?
<¢ 3wa GG, )P

Bp—y A 0¥,

Ivg(z)ld)\z + 1.
We shall estimate a term of the form

fS wa IG( )In ¢"||V2(z)|d)\(z)dS(w) fS A(w )ds(w)

The others are handled in a similar (perhaps simpler) manner with straightforward
modifications.

We choose as local coordinates on S,,,, v = [v,,V'], v; =1,,¢&,z~-wh, V' €
R2"-2 and we let u, ==p@). Ifr=|lz=w'll, @ = nlp(w)/2l, then there exist
constants ¢, and ¢, such that

¢ la+ |v|+ 1] <r<c,la+ '+ Iv,]]

(see [6], [13, §5]). Then

o, /2 TN (w)dudS(w")dS(w)
J:gwA(w ¥sSw) + 3 faD fswfo/2 [? + ¢lv, 11"

C, N (w)du,dSW')dS(cw)
< 3 fanS fo [|,_)|2 +a?+ Ivl|2 .|.¢|v I]n—l/z

Since ¢" depends only on u,, for fixed w', we divide the interval [0, /2] onto
two subintervals, one on which ¢7 < [v|!/2, of length at most |[v|'/%a, and one
on which ¢ > |v|!/2, of length at most «. Thus

_ N (w)dS(W")dS(w)
j;,wA(w )ds(w’) < €, {fw ) Sw [ + o + ¢, []773/4

f f N (w)dSw")dS(w)
D Js,, [IU|2 + a2 + Ivll Ivll/2]n—l/2 .

Now
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|2 n-2

dS(w') lv
< —_—
fsw [P + glv, 177304 C’f p|2n=3/2 <Kk,

and
f ds(w') f dv, 'P" 3 av’
Sw [l + o, | It/2]7" iz < WP + o, | WH2]102

1 Iv'|2n—3
G f 0|12 [ pe-302) dv

<f| Im\K,

s0 fg, AW)dSW) < C - sup (K}, K,). After computing the other terms in a
similar fashion, we see that

’

f s, ul(w"dS(w") <M independent of w and e.

"Let f be any holomorphic function which defines the divisor § in D, and
form V€ =log |f| * B, asin §1. Since log|f]| is plurisubharmonic, it is locally
integrable, so V¢ is uniformally locally integrable for € small enough. Set H,(z) =

= V€. Then for any open set U with compact closure in D, H, is pluriharmonic
for € sufficiently small. Let w(z) € Cy (D) be such that 0 < w(z) <1 and
w(z) =1 on U. Then for z € U,

Ve (n— 2)
V@ =G [

AlwV €] dA\(w).
- wll”‘" [wV€] dA(w)
We integrate by parts those terms involving (3w/d2,)(V¢/9Z;) or (3w/dzZXdV*/0z,)

to get, for instance
a - l aw €
f ["Z w"2n—2 oz, ] 4 d)\( )

Thus, it follows from the estimates that we have made that H,(z) is bounded in
absolute value in U for e sufficiently small.
It follows from the Poisson Integral Formula that the family H,(z) is equi-
continuous and hence from the Arzela-Ascoli Theorem, we can choose a sequence
; — 0 such that H, (z) converges to a function H(z) uniformly on compact sub-
sets so that H(z) is plunharmomc in D. Let u(z) = H(z) + log|f]. Then 1aau(z)
= w on the sense of a distribution and lim,_, , f; pu(rz)* dS < M.
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In fact, we have
©) [, p log 1 FEe)lldS(e) < M”

independent of r. To see this, we let ¢ € D be such that log |f(g)| > M' > — oo,
Then f,,log |f (w)| P(q, w)dS(w) = M', where P( -, w) is the Poisson kernel for
D. This proves (6). Q.ED.

REMARK. By using the kernel of Ovrelid [13], in the very same manner,
one can show that for a starlike strictly pseudoconvex domain, one need only
assume C2 boundary (locally, the kernel is the one we have used above). To
piece the solutions together in the general case, however, we need to as-
sume C3 boundary below.

PROOF OF THEOREM. Let ¢ € D where D is a strictly pseudoconvex do-
main with C3 boundary. Then there exist a neighborhood Uy of £ and a biholo-
morphic map F of U, onto a neighborhood Y, of the origin in C" such that
FE) =0and p' = po F~! is strictly convex—that is

$ 250
521 Oxidy 1

for x; the underlying real coordinates. We choose F so that p' satisfies Vp'(0) =
©p/ow, 0, ..., 0). Let p"(¢, w) = p'(w) + ¢(Iwl) where ¢(¢) is a C™ nonnegative
increasing convex function of the real variable ¢ and ¢ = 0 in a neighborhood of
the origin. If D"(§) = {w: p"(§, w) < 0}; than for appropriate ¢, D"(¢) C Y,
and D"(¢) is strictly convex with C3 boundary. By the lemma, there exists fé €
N(D"(¢)) such that f; determines the divisor'8’ = (F(X)), d;) in D"(¢). We let
fe =f¢{ o Fand G(¢) = F~'(D"(). Then f, determines § in G(£) and f, €
NGE))-

We choose a finite number of domains G; and functions f; such that:

(i) U Gg =_D; _ _

(i) if z € D, then there exists an i such that d(z, CG;, N D) >n > 0 in-
dependent of z;

(iii) f; determines § in G, and f; € N(G)).

We now cover D by a finite number of balls B; = B(z;; 'i) such that, setting
Di(r) = B(z;, r) N D, we have

(@) Dj2r;) C G, for some i,

() Dy(2r)) N Dy (2r;) is simply connected. _
We choose a partition of unity {¢,, ¢o} for B(z,-, 2’/')’ D, = CD. We let fj =
£ pj(2rj) for some i which satisfies (a).
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Let g, = log f; — log fy in D(2r;) N D;(2r,), where we can choose the
principal branch of the logarithm since the domain is simply connected and
filfi # 0, fielf; # 0. Let by = T, , 8,8y in Dy(2r)). Then u = h; is globally
defined.

It follows from the construction in [13, §5] that we can choose K(z, w)
in (3) so that |K(z, w)| < C for |z — w| > min (r;/4).

We let Sj& = {w €Dy(r;): p(w) = — 8}. Then forr > 3rl2,

vw) = f oK@ w)Au@)= K(z, w) A u(z) + leK(z, w) A u(2)

coi)

=v,w, 1) +v,w, 1),
_ z 2’1 2"} e '
uw) = 7 gf 3512 v,(w, H)dt + f3r,~/2 v,(w, t)dtz = vyw) + v(W).

Since |1K(z, w)| is bounded for z € CD(r), r = 3r;/2, w € Di(ri) and since Ju(z)|
is integrable by (6), Wvy(w")| <K,(j) for w' € Dr)).

Since u = 9k; in D{(2r;), by applying Stoke’s Theorem (as in [6, p. 340])
we have

fD,-(r)K(z’ W) A By = ij(r)E[hiK(z' w)l = ij(r)\{w}d[hi(z)K(z’ w)l

=10+ o oy EKE W)
s0
vy (w) = %hj(w) + rz_ | ;:’ /2< [ K, w)) dt = vy(w) + v, (W).
i iv 7 i
Let A(N={z:z€ aDj(r) N 3D} and let B; = {z: z€3aD; N D for some r,

3r/2<r<2n}. Letq; bein C5(B(z;: 5r;/4)) such that o; =1 on Bz, 1)
Then

b <2 [ merke wi+ 2| [, - gmere wa

+ UA jG3ril2 @K, W)I <vs(W) +vg(w) + v, ().

Now |v,,(w)I < C forw € Sf, m = 5, 6. Furthermore, it follows from [18,
Theorem ILI] that v,(w) € H'(D). Thus, v(w) has nontangential limits almost
everywhere on 9D which define a function in L(3D).
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Let g; =v—h; in Di(z’i)' Then g; is holomorphic in Dj(2ri) and there
exist integers m; such that

f=exp(f; +q; + 2nim;)

defines a global holomorphic function in D (cf. [5, p. 181]). It follows from our
estimates that f € M(D).

PROOF OF COROLLARY. & =81 — &~ where both §* and 8~ have finite
area in D. Thus, by the Theorem, there exist two holomorphic functions f; and
[, which define 5% and 8~ respectively such that f,, f, € N(D) and g = f, ¢/f,,
where ¢ has no zeros of poles in D.

Then ¢ = f,g/f, has finite characteristic and so is in N(D), so f,¢ € N(D)
and f; ¢ and f, have nonzero nontangential limit values almost everywhere on aD.
Q.ED.
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